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We c o n s i d e r  the m o t i o n  of  a s p h e r e  of  v a r i a b l e  r a d i u s  in an i n h o m o g e n e o u s  (with g r a d i e n t  ve loc i ty )  
and u n s t e a d y  po t en t i a l  f low of an idea l  i n c o m p r e s s i b l e  f luid.  A s s u m i n g  that  the s p h e r e  r a d i u s  i s  s m a l l  in 
c o m p a r i s o n  with the  d i s t a n c e  to the  f low b o u n d a r y ,  we c a l c u l a t e  the  f o r c e  of the e f fec t  of the  f low on the 
s p h e r e .  

C e r t a i n  c a s e s  of m o t i o n  of a s p h e r e  in  an a r b i t r a r y  po ten t i a l  f low w e r e  i n v e s t i g a t e d  by Zhukovsk i i  [1]. 
F o r  a s t a t i o n a r y  e l l i p t i c a l  c y l i n d e r  the  p r o b l e m  was  so lved  by G u r e v i c h  [2]; the f o r c e  ac t ing  on a mov ing  
c i r c u l a r  c y l i n d e r  of  v a r i a b l e  r a d i u s  w a s  c a l c u l a t e d  by Y a k imov  [3]. A s i m i l a r  p r o b l e m  was  c o n s i d e r e d  in  
[4] for  a s p h e r e ,  but  an i n c o r r e c t  e x p r e s s i o n  was  ob t a ined  fo r  the  fo r ce .  

The  d e r i v a t i o n  i s  b a s e d ,  j u s t  a s  in [4], on the d i r e c t  i n t e g r a t i o n  of the  p r e s s u r e  f o r c e s  o v e r  the s p h e r e ,  
but  i n s t e a d  of  a m o d e l  p r o b l e m  on the f low po ten t i a l  about  the  s p h e r e  in a s e c o n d - o r d e r  m u l t i p o l e  f i e ld  we 
c o n s i d e r  the  p r o b l e m  of the  v e l o c i t y  po ten t i a l  of  an a r b i t r a r y  flow, and we e s t i m a t e  the  e r r o r  in the e q u a -  
t i o n s  ob ta ined  fo r  the  f o r c e s .  

1. V e l o c i t y  P o t e n t i a l  

The  v e l o c i t y  po ten t i a l  at  the  po in t  Yi =qi  (the Yi a r e  the C a r t e s i a n  c o o r d i n a t e s ,  and the qi a r e  the  
c o o r d i n a t e s  of  the  c e n t e r  of the sphe re )  in the  a b s e n c e  of the  s p h e r e  i s  r e p r e s e n t e d  by the  T a y l o r  s e r i e s  

zo 
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H e r e  and be low,  we sum o v e r  the  r e p e a t e d  i n d i c e s  i ,  j . . . . .  k, each  of  which a s s u m e s  the v a l u e s  1, 2, 
and 3, the  n u m b e r  of the  i n d i c e s  i ,  j ,  . . .  k in (1.1) equa l ing  n. E a c h  t e r m  of the s e r i e s  n = 1, 2 . . . .  in (1.1) 
i s  a h a r m o n i c  func t ion .  

If a s p h e r e  of r a d i u s  R i s  l oca t ed  in the flow, then fo r  the v e l o c i t y  po ten t i a l  the fo l lowing  cond i t ion  i s  
s a t i s f i ed :  

c9~ qi'xt (1.2) Or -- -R i R" for r = H ( r  ~ = z l x l )  

If we n e g l e c t  the e f f ec t  of  the  f a r  b o u n d a r i e s ,  then  we m u s t  r e q u i r e  that  the  p e r t u r b a t i o n  of po t en t i a l  
4~- r have  s i n g u l a r i t i e s  only  wi th in  the  s p h e r e  and d e c r e a s e  out to in f in i ty .  The  unique h a r m o n i c  func t ion  
tha t  s a t i s f i e s  t h e s e  cond i t i ons  and condi t ion  (1.2) wi l l  be 
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Thi s  equa t ion  ho lds  if  the  d i s t a n c e  r 0 to the f low b o u n d a r i e s  c o n s i d e r a b l y  e x c e e d s  the  s p h e r e  r a d i u s .  
O t h e r w i s e  we m u s t  t ake  into accoun t  an add i t i ona l  po ten t i a l  p e r t u r b a t i o n  owing to the p r o m i x i t y o f t h e  s p h e r e  
to the  f low b o u n d a r i e s .  Since the v e l o c i t y  p e r t u r b a t i o n  at the b o u n d a r i e s  c a u s e d  b y a  d i s t a n t  body i s  of o r -  
d e r  R3/r03 for  R = cons t  and R2A'02 for  R'  ~ 0, the p e r t u r b a t i o n  of  po ten t i a l  ~1.3) fo r  R - - 0  wi l l  be of o r d e r  no 
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l e s s  than R 3 or  R 2, r e s p e c t i v e l y .  We can conc lude  that only the f i r s t  s e v e r a l  t e r m s  of the s e r i e s  (1.3) need 

be taken  into account .  

2 .  F o r c e  o f  E f f e c t  o f  F l o w  o n  S p h e r e  

Based on the po ten t ia l  (] .3),  apply ing  the C a u c h y - L a g r a n g e  i n t e g r a l ,  we can ob ta in  va lues  for the 
p r e s s u r e  on the sphere  S, and ca l cu l a t e  the force  of the effect  F .  

The C a u c h y - L a g r a n g e  i n t e g r a l  in a sys tem mov ing  with veloci~ ,  qi" r e l a t i v e  to th is  sy s t e m,  in  which 
the mo t ion  of the fluid is  d e s c r i b e d  by the po ten t i a l  ~ ,  has  the form 

0(I) 1 ,gO) D 
~ - f -  (.re) ~ - q~" - ~  -t -~- u = / ( t )  ot 

Here  U i s  the po ten t ia l  of the e x t e r n a l  m a s s  f o r c e s  gi" 

The force  of the effect  of the flow on the sphe re  equa l s  

!(0o  0o ) .  
F = o  ~ + - ~ - ~ v  ? - - q ~ ' ~ - - u  ~ d S  

~" (2. 1) 
( m ~ 1 , 2 , 3 )  

On the sphe re ,  the te rms  of the s e r i e s  ~1.3) a re  o r thogona l  to x m for n > 1. T h e r e f o r e  

i ~ x m 4.'t/P dv m 2.~ d 
"-ff'~ ~ dS - 3 dt + - 3 - - - ~  RS (v ra--q'm) (2.2) 

(Vra ~ t,rn (q, t) ~ 0(~o OYrn) 

Here v m is  the flow ve loc i ty  in the a b s e n c e  of the sphere .  To ca l cu l a t e  the con t r i bu t i on  of the r e -  
m a i n i n g  t e r m s  to Eq. (2.1) we m u s t  have in the i n t e g r a nd  the componen t s  of the flow ve loc i ty  on the sphere .  
F r o m  (1.3) for r =  R 

30 R" q/ 3 xjxt 
Ox t - B  xt 2 + "-;2"-qJ" lf'- 

:~ n (2n +- l) Or'r 
+ ~ ( n §  Pi~ - - - -  (q) x i . . . %  (2.3) d y i O y  j �9 . .  c)y k 

P t l  : " ~ i l  - -  X i Z l / R 2  

On the su r f ace  of the sphe re  

P t l P l s  = :  P i s  

Taking account of this equation and Eq. t2.3) we obtain 

1,' z (VO): -- c~V @ = 1/o (R'o- .- q"~ q Piswiws) 

3 or n (2n -t- 1) OnOo 
~'* = -~- (~ - q*') + ~, -~ ~ u  .~ 0y, o y ~ . . .  0y ,  

~t=2 
(q) x j . . .  z k 

t2.4) 

A con t r ibu t ion  to the i n t e g r a l  (2.1) is  m a d e  only  by p o l y n o m i a l s  with an odd sum of power s  x p  x2, and 
x 3, appea r ing  in the t e r m  PiswiWs. which f i g u r e s  in (2.4). Dropping  t e r m s  of o r d e r  R 5 and above,  we can 
wr i t e  

i [ ,~__ ( re) .  - . 5 a% ~' xTm (q,- 
S 

~2.5) 

We then must take into account that 

i 4n zkxzxjz,,dS = (6~36z, , + 6~t6), , + 6~, 5,) ~ It* 
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Hence also from the de t e rmina t ion  of l~k in (2.3) we obtain 

I x~x m 4~ 
Plk - - - - i f -  d S  = (8~-6z,.  a + 6 t j 6 k ~  - -  48 j ,~ fk l  ) -i-5- R3  S 

Subst i tu t ion of the las t  equation into (2.5) g ives  

x Ov m ~rl.,~.~_ (Vr q.v(i)]__~__ d S = - - 2 g l { '  (q•'--vk) Oy k (2.6) 
S 

F r o m  Eqs. (2.1),(2.2), and (2.6) we can obtain for  the force  of the effect  of the flow on the body 

F ra Ov m Ov m t ( RS)" 2 

2~,~n~- o, + v~--~k - - ' Y  q ,s  (v,,,--q'l -- "-5-g" 
t2.7) 

Here v m is  the flow veloc i ty  in the absence  of the sphere ;  the va lues  of v m and grad v m,  anda l so  the 
m a s s  force  gm'  a re  ca lcula ted  at the point qi" As follows from the der iva t ion ,  the e r r o r  of Eq. (2.7) is  of 
o r d e r  R 5. F o r  R" u 0,owing to the effect  of the flow boundar ies ,  the e r r o r  can be ~R'2R4. 

According to Eq. (2.7) the force  of the effect  of the flow on a sphere  of constant  volume is  de t e rmined  
by the acce l e r a t i on  of a fluid pa r t i c l e  in the absence  of the sphere ,  and by the acce le ra t ion  of the sphere ,  
and it depends ne i ther  on the veloci ty  of the sphere  in the flow nor on the veloci ty  of the fluid. 

Equation (2.7) a g r e e s  with Zhukovsk i i ' s  equation [1] 

F = 3/,p Va 

obtained for  a s t a t ionary  sphere  in a flow with potent ia l  equal to the product  of a function of the coord ina te s  
and a function of the t ime (a is  the absolute  a c c e l e r a t i on  of the fluid at the point coinciding with the center  
of the sphere ,  and V is  the volume of the sphere) .  

F o r  a gas  bubble in the absence  of v i scos i ty  we can set F =0, s ince the m a s s  of the gas  i s  negl igibly 
smal l .  Then (2.7) g ives  that the a c c e l e r a t i o n  of the gas  bubble i s  equal to th ree  t i m e s  the a c c e l e r a t i on  of 
the fluid. This  fact  was known e a r l i e r  for  a homogeneous flow (without a veloci ty  gradient)  [5]. 

The author thanks G. Yu. Stepanov for helpful r e m a r k s .  
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